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1 ?
[1] ??, ?????????????????????
??, ??????????? (??)???, ????
????????????. ????, ?? 2?????
????????, ??? [1] ????????????
???????????????. ?????????
??? (??????????)???????????
???, ??????????????. ??????
????, ????????????????????
?????????????, ???????????
?????????????????????????
????????????????????. ????
?????????????????, ???????
?????????????????????????
?????????, ???????????????
????????????????. ?????, ???
?????????????????????????
???????. ???????????????, ?
?????? “??”???????????????
????????????????????????1.
??, ????????????????? “??”??
??, ????????????? “??”??????
??????????????????????.
????? R2 ?????????????. ???
????? R ???, ?? 2 ??????? R2 ??
?. ???? R2 = {a = (a1, a2); a1, a2 ∈ R}. 0 :=
(0, 0) ????. a = (a1, a2), b = (b1, b2) ∈ R2 ??
?? a + b := (a1 + b1, a2 + b2) ?????. λ ∈ R ?
1???????????????, ?????????????
?????????????.
a = (a1, a2) ∈ R2 ???? λa = (λa1, λa2) ?????.
a = (a1, a2) ???? (???)? �a� :=
√
a21 + a
2
2 ?
????2. ????????????: (1) a ∈ R2 ??
?? �a� ≥ 0 (????? a = 0?????); (2) λ ∈ R,
a ∈ R2 ????, �λa� = |λ| �a�.
a = (a1, a2), b = (b1, b2) ∈ R2 ????, ???
a ·b := a1b1+a2b2 ????????????????:
(1) a ∈ R2 ???? �a�2 = a · a; (2) a,b ∈ R2 ???
? a · b = b · a; (3) λ, μ ∈ R ???? (λa + μb) · c =
λ(a · c) + μ(b · c). (1), (2), (3) ??, �a ± b�2 = (a ±
b) · (a± b) = �a�2 ± 2a · b+ �b�2 (a,b ∈ R2) ???.
??? a,b ∈ R2 ????
a · b = 1
4
(�a+ b�2 − �a− b�2) (1.1)
?????.
a = (a1, a2) ∈ R2 ????, a⊥ := (−a2, a1) ????
?. ?????????????: (1) �a⊥� = �a�; (2)
a · a⊥ = 0; (3) (a⊥)⊥ = −a; (4) a · b⊥ = −a⊥ · b, (5)
a⊥ · b⊥ = a · b.
?? 1.1. e(�= 0) ∈ R2 ???. ??????? a ∈ R2
? α1, α2 ∈ R ????
a = α1e+ α2e⊥ (1.2)
??????????. ??? α1 = a · e/�e�2, α2 =
a · e⊥/�e�2 ???. ?? b = β1e + β2e⊥ ????
α1β1 + α2β2 = (a · b)/�e�2 ???.
??: (1.2)???????, a ·e = α1e ·e+α2e⊥ ·e =
α1. ?????? a · e⊥ = α2 ???????????
2|a| ?????????.
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?. ?? α1, α2 ??????? (1.2) ????????
??????????. a · b = α1β1�e�2 + α2β2�e⊥�2
????????????.
a? (1.2)?????, a⊥ = −α2e+α1e⊥?????3.
??, a �= 0?????, a·b = 0?? �b� = �a�???
? b ? b = ±a⊥ ?????. ??, b = β1a+ β2a⊥ ?
???, β1 = a ·b = 0. ??? �b� = �a� ?? β2 = ±1
???.
?? 1.2 (?????????). a,b ∈ R2 ????
|a · b| ≤ �a� �b�. ????? a⊥ · b = 0 ??????
??.
??: a = (a1, a2), b = (b1, b2) ????, ?????
?? �a�2�b�2−|a ·b|2 = (a1b2−a2b1)2 = (a⊥ ·b)2 ≥ 0
??????????.
??????????? (�a� + �b�)2 − �a + b�2 =
2(�a� �b� − a · b) ≥ 0 ???, ???????????
?: a,b ∈ R2 ???? �a+ b� ≤ �a�+ �b�.
S1 := {a ∈ R2; �a� = 1} ?????.
2 ??????????
2.1 ?, ??, ??
??? R2 ???????????: R2 ???, a(∈ R2)
?????.
?? 2.1 (??). R2 ????? � ????????,
p ∈ R2, q(�= 0) ∈ R2 ????, � = {p+ tq; t ∈ R} ?
???????.
a ∈ � ?????, “?? � ?? a ???”, ??? “?
a ??? � ?????”?????. ?? a,b, c ???
??????? a,b, c ∈ � ???????? � ????
??????.
????, ?? 2?, 3???????????? “?
??? 2?”, “???? 3?” ????????. ??
“?? (A1)” ???????????, [1] ??????
?????.
?? 2.2 (?? (A1), (A2)). (i) 2? a, b ?????
???, a,b ?????????????.
(ii) ????????????? 2????. ????
??????????????? 3???.
3??, e = (e1, e2) ???? a = (α1e1−α2e2, α1e2+α2e1) ?
????.
??: (i) ???. � := {a + t(b − a); t ∈ R} ???
?, � ? a,b ????????. ??????. ??
m = {p + tq; t ∈ R} ???? a,b ∈ m ??? (??
? q �= 0). ????, ?? t1, t2 (t1 �= t2) ????,
a = p + t1q, b = p + t2q. ???, a + t(b − a) =
p+
(
t1 + t(t2 − t1)
)
q ∈ m (t ∈ R) ?? � ⊂ m ???.
??, p+ tq = a+ t−t1t2−t1 (b− a) ???????m ⊂ �
????. ??? � = m ???.
(ii) ??????. ???????????4.
2? a, b ????????, a,b ??? (?????
?)?????? ?? ab ???5. ab = ba ????
?????????????.
????? ([4])???????? “?”??????
??.
?? 2.3 (?). 3? a,b, c ?????, ? c ? 2? a
? b ???????, a �= b ????, 0 < t < 1 ???
?, c = (1− t)a+ tb ????????. ? c ? 2? a
? b ???????? a ∗ c ∗ b ???6.
????, a ∗ c ∗ b ???, a,b, c ????? 3??
??.
?? 2.4 (?? (A3)). (i) a ∗ c ∗b ???, a, b, c ??
??????. ?? b ∗ c ∗ a ???.
(ii) 2? a,b ????, a ∗b ∗ c ?????? c ∈ ab ?
????.
(iii)??????? 3? a,b, c????, b∗a∗c, a∗b∗c,
b ∗ c ∗ a ???????????????.
??: (i) ???. (ii) ? c = 2b − a ?????
?. (iii) ???. c ∈ ab ?????, s ∈ R ????
c = a+ s(b− a). c �= a,b ?? s �= 0, 1. ??? s < 0,
??? 0 < s < 1, ??? s > 1 ???. ???????
? c ∗ a ∗ b, b ∗ c ∗ a, c ∗ b ∗ a ???????????
???.
? a,b ??, a,b?????????? ab ????
?? ab ???. ??? ab = {(1− t)a+ tb; 0 ≤ t ≤ 1}
???. ???? ab = ba ⊂ ab ?????. ?? ab
??? |ab| ?
|ab| := �b− a�
????.
4??? (0, 0), (0, 1), (1, 0) ????????.
5??????????.
6??? [5] ?????.
2
?? 2.5 (?? (B1), (B2)). (i) a ∗ c ∗b ??? |ab| =
|ac|+ |cb| ???.
(ii) ?? de, ?? �, a ∈ � ????????, b, c ∈ �
???????????????, |ab| = |ac| = |de| ?
? b ∗ a ∗ c ????.
??: (i) ?????, c = (1 − t)a + tb (??? 0 <
t < 1) ???? |ac| = t�b− a�, |cb| = (1− t)�b− a�
?????. (ii) ???. � = {a + tq; t ∈ R} (??
? q �= 0) ???. �(a + tq) − a� = |de| ??? t ?
t = ±�q�−1|de| ?????, ????????.
2?? �,m ??????, ? a ?????, a ∈ � ?
? a ∈ m ????????. ? a ? �,m ??????.
?????, ???????? “???”???????
??????????. ?? 2.2 ? (i) ?? (????)2
?? �,m ???????????, ???????.
?? 2.6 (?? (A4); ???????). 3? a,b, c ?
???????, ?? � ? a,b, c ??????????
??. ???? � ? ab ???????, � ? bc ? ca
???????????.
??: ab ? � ???? d = (1 − s)a + sb (???
0 < s < 1) ??, � = {d + te; t ∈ R} (??? e �= 0)
???. a − d = α1e + α2e⊥, b − d = β1e + β2e⊥,
???? (� ? a,b ??????? α2, β2 �= 0 ??
??????), (1 − s)(a − d) + s(b − d) = 0 ??
(1 − s)α2 + sβ2 = 0. ??? α2 ? β2 ???????.
c−d = γ1e+γ2e⊥ ????, γ2 �= 0??????, γ2 ?
α2, β2 ????????????. β2 ? γ2 ?????
???, ?? 0 < t1 < 1 ???? (1− t1)β2 + t1γ2 = 0.
(1− t1)b+ t1c = d+ ((1− t1)β1 + t1γ1) e ?? bc ? �
??????. ??????, α2 ? γ2 ???????,
0 < t < 1 ???? (1− t)α2 + tγ2 �= 0. ??? � ? ca
????????. α2 ? γ2 ??????????.
???????????, ?? � ? (� ????)??
? 2???? Ω1, Ω2 ????????? ([4], [5], ??
?? [2] ??). ?????, ????????????.
?? 2.7. � = {p+ tq; t ∈ R} (??? q �= 0) ???.
Ω1 :={a ∈ R2; (a− p) · q⊥ > 0},
Ω2 :={a ∈ R2; (a− p) · q⊥ < 0}
????, ?????????: (1) Ω1 ∪ Ω2 = R2 \ �,
Ω1 ∩ Ω2 = ∅; (2) a,b ∈ Ω1 (???? a,b ∈ Ω2) ??
?, ab ? � ??????; (3) a ∈ Ω1, b ∈ Ω2 ???
ab ? � ????.
� = {a ∈ R2; (a− p) · q⊥ = 0} ??????, ???
?????????. a,b ∈ Ω1 ??? a,b ∈ Ω2 ??
?, 2? a,b ??? � ??????????, ????
????????????.
2.2 ?
???? (??)???? −→ab ? −→ac ?????? φ ?
???
cosφ =
(b− a) · (c− a)
�b− a� �c− a�
???????????. ?????????????
? −1 ?? 1 ?????, ???????? 0 ≤ φ ≤ π
???????. ??????????? ab ? ac ?
?????????????????. ???, ???
????????????????. ????????
? (???)????????????????????
??. ??????????????????????
???????????????:
cosx =
∞∑
k=0
(−1)kx2k
(2k)!
, sinx =
∞∑
k=0
(−1)kx2k+1
(2k + 1)!
???? R ?? (?????)????, ???????
?????????, ??????????????, ?
??????????????????????. ??
??????????????????. ??, ????
????????????????. ????????
??????????????????????. ??
????????????????, ????????
(??)????, ???? “??”?????????.
2? a,b ????, ??? ab� ?
ab� := {a+ t(b− a); t ≥ 0}
???,? a??????7. ab� ⊂ ab????, ab� �= ba�
???. d(�= a) ∈ ab� ???? ab� = ad� ???????
??. d− a ∈ S1 ?????? d ∈ ab� ???????
? d = a+ �b− a�−1(b− a) ???.
??????? 3? a,b, c ??????? ab�,ac� (?
????? ab,ac)???? ∠bac ?
∠bac = ab� ∪ ac�
????. ∠bac = ∠cab ???. ?? b�(�= a) ∈ ab�,
c�(�= a) ∈ ac� ???? ∠bac = ∠b�ac� ???. ??
7????????????????; ??, → ???? ⇀ ??
??????.
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?. ?? α1, α2 ??????? (1.2) ????????
??????????. a · b = α1β1�e�2 + α2β2�e⊥�2
????????????.
a? (1.2)?????, a⊥ = −α2e+α1e⊥?????3.
??, a �= 0?????, a·b = 0?? �b� = �a�???
? b ? b = ±a⊥ ?????. ??, b = β1a+ β2a⊥ ?
???, β1 = a ·b = 0. ??? �b� = �a� ?? β2 = ±1
???.
?? 1.2 (?????????). a,b ∈ R2 ????
|a · b| ≤ �a� �b�. ????? a⊥ · b = 0 ??????
??.
??: a = (a1, a2), b = (b1, b2) ????, ?????
?? �a�2�b�2−|a ·b|2 = (a1b2−a2b1)2 = (a⊥ ·b)2 ≥ 0
??????????.
??????????? (�a� + �b�)2 − �a + b�2 =
2(�a� �b� − a · b) ≥ 0 ???, ???????????
?: a,b ∈ R2 ???? �a+ b� ≤ �a�+ �b�.
S1 := {a ∈ R2; �a� = 1} ?????.
2 ??????????
2.1 ?, ??, ??
??? R2 ???????????: R2 ???, a(∈ R2)
?????.
?? 2.1 (??). R2 ????? � ????????,
p ∈ R2, q(�= 0) ∈ R2 ????, � = {p+ tq; t ∈ R} ?
???????.
a ∈ � ?????, “?? � ?? a ???”, ??? “?
a ??? � ?????”?????. ?? a,b, c ???
??????? a,b, c ∈ � ???????? � ????
??????.
????, ?? 2?, 3???????????? “?
??? 2?”, “???? 3?” ????????. ??
“?? (A1)” ???????????, [1] ??????
?????.
?? 2.2 (?? (A1), (A2)). (i) 2? a, b ?????
???, a,b ?????????????.
(ii) ????????????? 2????. ????
??????????????? 3???.
3??, e = (e1, e2) ???? a = (α1e1−α2e2, α1e2+α2e1) ?
????.
??: (i) ???. � := {a + t(b − a); t ∈ R} ???
?, � ? a,b ????????. ??????. ??
m = {p + tq; t ∈ R} ???? a,b ∈ m ??? (??
? q �= 0). ????, ?? t1, t2 (t1 �= t2) ????,
a = p + t1q, b = p + t2q. ???, a + t(b − a) =
p+
(
t1 + t(t2 − t1)
)
q ∈ m (t ∈ R) ?? � ⊂ m ???.
??, p+ tq = a+ t−t1t2−t1 (b− a) ???????m ⊂ �
????. ??? � = m ???.
(ii) ??????. ???????????4.
2? a, b ????????, a,b ??? (?????
?)?????? ?? ab ???5. ab = ba ????
?????????????.
????? ([4])???????? “?”??????
??.
?? 2.3 (?). 3? a,b, c ?????, ? c ? 2? a
? b ???????, a �= b ????, 0 < t < 1 ???
?, c = (1− t)a+ tb ????????. ? c ? 2? a
? b ???????? a ∗ c ∗ b ???6.
????, a ∗ c ∗ b ???, a,b, c ????? 3??
??.
?? 2.4 (?? (A3)). (i) a ∗ c ∗b ???, a, b, c ??
??????. ?? b ∗ c ∗ a ???.
(ii) 2? a,b ????, a ∗b ∗ c ?????? c ∈ ab ?
????.
(iii)??????? 3? a,b, c????, b∗a∗c, a∗b∗c,
b ∗ c ∗ a ???????????????.
??: (i) ???. (ii) ? c = 2b − a ?????
?. (iii) ???. c ∈ ab ?????, s ∈ R ????
c = a+ s(b− a). c �= a,b ?? s �= 0, 1. ??? s < 0,
??? 0 < s < 1, ??? s > 1 ???. ???????
? c ∗ a ∗ b, b ∗ c ∗ a, c ∗ b ∗ a ???????????
???.
? a,b ??, a,b?????????? ab ????
?? ab ???. ??? ab = {(1− t)a+ tb; 0 ≤ t ≤ 1}
???. ???? ab = ba ⊂ ab ?????. ?? ab
??? |ab| ?
|ab| := �b− a�
????.
4??? (0, 0), (0, 1), (1, 0) ????????.
5??????????.
6??? [5] ?????.
2
?? 2.5 (?? (B1), (B2)). (i) a ∗ c ∗b ??? |ab| =
|ac|+ |cb| ???.
(ii) ?? de, ?? �, a ∈ � ????????, b, c ∈ �
???????????????, |ab| = |ac| = |de| ?
? b ∗ a ∗ c ????.
??: (i) ?????, c = (1 − t)a + tb (??? 0 <
t < 1) ???? |ac| = t�b− a�, |cb| = (1− t)�b− a�
?????. (ii) ???. � = {a + tq; t ∈ R} (??
? q �= 0) ???. �(a + tq) − a� = |de| ??? t ?
t = ±�q�−1|de| ?????, ????????.
2?? �,m ??????, ? a ?????, a ∈ � ?
? a ∈ m ????????. ? a ? �,m ??????.
?????, ???????? “???”???????
??????????. ?? 2.2 ? (i) ?? (????)2
?? �,m ???????????, ???????.
?? 2.6 (?? (A4); ???????). 3? a,b, c ?
???????, ?? � ? a,b, c ??????????
??. ???? � ? ab ???????, � ? bc ? ca
???????????.
??: ab ? � ???? d = (1 − s)a + sb (???
0 < s < 1) ??, � = {d + te; t ∈ R} (??? e �= 0)
???. a − d = α1e + α2e⊥, b − d = β1e + β2e⊥,
???? (� ? a,b ??????? α2, β2 �= 0 ??
??????), (1 − s)(a − d) + s(b − d) = 0 ??
(1 − s)α2 + sβ2 = 0. ??? α2 ? β2 ???????.
c−d = γ1e+γ2e⊥ ????, γ2 �= 0??????, γ2 ?
α2, β2 ????????????. β2 ? γ2 ?????
???, ?? 0 < t1 < 1 ???? (1− t1)β2 + t1γ2 = 0.
(1− t1)b+ t1c = d+ ((1− t1)β1 + t1γ1) e ?? bc ? �
??????. ??????, α2 ? γ2 ???????,
0 < t < 1 ???? (1− t)α2 + tγ2 �= 0. ??? � ? ca
????????. α2 ? γ2 ??????????.
???????????, ?? � ? (� ????)??
? 2???? Ω1, Ω2 ????????? ([4], [5], ??
?? [2] ??). ?????, ????????????.
?? 2.7. � = {p+ tq; t ∈ R} (??? q �= 0) ???.
Ω1 :={a ∈ R2; (a− p) · q⊥ > 0},
Ω2 :={a ∈ R2; (a− p) · q⊥ < 0}
????, ?????????: (1) Ω1 ∪ Ω2 = R2 \ �,
Ω1 ∩ Ω2 = ∅; (2) a,b ∈ Ω1 (???? a,b ∈ Ω2) ??
?, ab ? � ??????; (3) a ∈ Ω1, b ∈ Ω2 ???
ab ? � ????.
� = {a ∈ R2; (a− p) · q⊥ = 0} ??????, ???
?????????. a,b ∈ Ω1 ??? a,b ∈ Ω2 ??
?, 2? a,b ??? � ??????????, ????
????????????.
2.2 ?
???? (??)???? −→ab ? −→ac ?????? φ ?
???
cosφ =
(b− a) · (c− a)
�b− a� �c− a�
???????????. ?????????????
? −1 ?? 1 ?????, ???????? 0 ≤ φ ≤ π
???????. ??????????? ab ? ac ?
?????????????????. ???, ???
????????????????. ????????
? (???)????????????????????
??. ??????????????????????
???????????????:
cosx =
∞∑
k=0
(−1)kx2k
(2k)!
, sinx =
∞∑
k=0
(−1)kx2k+1
(2k + 1)!
???? R ?? (?????)????, ???????
?????????, ??????????????, ?
??????????????????????. ??
??????????????????. ??, ????
????????????????. ????????
??????????????????????. ??
????????????????, ????????
(??)????, ???? “??”?????????.
2? a,b ????, ??? ab� ?
ab� := {a+ t(b− a); t ≥ 0}
???,? a??????7. ab� ⊂ ab????, ab� �= ba�
???. d(�= a) ∈ ab� ???? ab� = ad� ???????
??. d− a ∈ S1 ?????? d ∈ ab� ???????
? d = a+ �b− a�−1(b− a) ???.
??????? 3? a,b, c ??????? ab�,ac� (?
????? ab,ac)???? ∠bac ?
∠bac = ab� ∪ ac�
????. ∠bac = ∠cab ???. ?? b�(�= a) ∈ ab�,
c�(�= a) ∈ ac� ???? ∠bac = ∠b�ac� ???. ??
7????????????????; ??, → ???? ⇀ ??
??????.
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??
(b� − a) · (c� − a)
�b� − a� �c� − a� =
(b− a) · (c− a)
�b− a� �c− a�
???8, ?????????????????????
???. ???
Cos∠bac := (b− a) · (c− a)�b− a� �c− a�
????? (?????????????? Cos ???
??????). ??, ∠bac ??????????, 3
? a,b, c ?????????????????. a,b, c
????????????????????? −1 <
Cos∠bac < 1 ???. ??? 0◦ ? 180◦ ????? “
?”?????????????.
a,b ∈ R2 ???? ba := b− a ????9.
?? 2.8 (???? (??)). Cos∠bac = Cos∠edf ?
???? ∠bac ? ∠edf ??? (??????)???
???, ∠bac ∼= ∠edf ???.
??????????? 3???????: ∠bac ∼=
∠bac (???); ∠bac ∼= ∠edf ??? ∠edf ∼= ∠bac
(???); ∠bac ∼= ∠edf ?? ∠edf ∼= ∠hgi ???
∠bac ∼= ∠hgi (???).
?? 2.9. ???, ???, ???, ?????????
??????????. ????????????.
?? 2.10 (?? (B4)). ∠bac ???? de� ?????
???, fd,gd ∈ S1 ??????, ?? de ?????
?? 2? f ,g ???????????????, ∠edf ∼=
∠edg ∼= ∠bac ????.
??: ??????? ed ∈ S1 ???????. m =
Cos∠bac ??? (−1 < m < 1 ???). ????
hd = x1ed + x2e⊥d ????, ∠edh ∼= ∠bac ?? hd ∈
S1 ?????, m = Cos∠edh = hd · ed = x1 ??
x21 + x
2
2 = 1 ???????????. ??? hd =
med±
√
1−m2e⊥d ???, ??? fd, ????? gd ?
????? f , g ?????????.
? d ? ∠bac ????????, ? c,d ??? ab ?
??????, ? b,d ??? ac ??????????
??10. ∠bac ? d(�= a) ????????, “??? ad�
8??? b� = a + t1(b − a), c� = a + t2(c − a) (t1, t2 > 0) ?
?????????.
9???? −→ab ????, ??????????????????
??.
10b�,b��(�= a) ∈ ab ? ac ????????????????. ?
?? c�, c��(�= a) ∈ ac ? ab ???????. ??? “∠bac ??
?” ???? ab�,ac� ????????????.
?? a ????????∠bac ??????”?, “??
? ad� ????? ∠bac ??????”???????
????????????????.
?? 2.11 (?? (B5)). ? d ? ∠bac ???????
?, ??? ad� ??? bc ????.
??: ??????? da ∈ S1 ?????. ba =
β1da + β2d⊥a , ca = γ1da + γ2d
⊥
a ????, d ? ∠bac
??????????, −β2(β1γ2 − β2γ1) > 0 ??
γ2(β1γ2 − β2γ1) > 0. ?? β2γ2 < 0. ???, ?? 0 <
s < 1????, (1−s)β2+sγ2 = 0. e := a+(1−s)ba+
sca(= (1 − s)b + sc) ????, e ∈ bc ????, e ?
∠bac??????11. ??, e = a+((1−s)β1+sγ1)da
???? (1− s)β1 + sγ1 > 0 ?????12, e ∈ ad� ??
?. ??? e ? ad� ? bc ??????.
??? ad�? ∠bac??????????, d? ∠bac
?????? ∠bad ∼= ∠cad ????????.
?? 2.12 (?? (D1)). ∠bac ????? ad� ???
??.
??: ???????, ba, ca ∈ S1 ?????. d :=
b+ c− a ????, da = ba + ca ???. Cos∠bad =
(1 + ba · ca)/�da� = Cos∠cad ?? ∠bad ∼= ∠cad ?
??. ?? (ca · b⊥a )(da · b⊥a ) = (ca · b⊥a )2 > 0, (ba ·
c⊥a )(da · c⊥a ) = (ba · c⊥a )2 > 0 ??? d ? ∠bac ???
?????????.
? d? ∠bac????????,??? ∠bad+∠dac
? ∠bad+ ∠dac := ∠bac ????.
?? 2.13. ∠bac ????? d ??? (?????
∠bad+ ∠dac = ∠bac ???)??, ??????.
(i) ∠b�a�c� ∼= ∠bac, ∠b�a�d� ∼= ∠bad, ??? c�,d� ?
?? a�b� ??????????, ∠dac ∼= ∠d�a�c� ?
???, d� ? ∠b�a�c� ??????.
(ii) ∠b�a�d� ∼= ∠bad, ∠d�a�c� ∼= ∠dac, ??? b�, c� ?
?? a�d� ??????????, ∠bac ∼= ∠b�a�c� ???
?, d� ? ∠b�a�c� ?????? (????? ∠b�a�d� +
∠d�a�c� = ∠b�a�c�) ???.
??: ??????? ba, ca, da, b�a′ , c�a′ , d�a′ ∈ S1
?????.
(i) ???. ca = γ1ba + γ2b⊥a , da = δ1ba + δ2b⊥a ,
c�a′ = γ�1b
�
a′ + γ2b�
⊥
a′ , d
�
a′ = δ�1b
�
a′ + δ�2b
�⊥
a′ ???. c,d
11ea ·b⊥a = sca ·b⊥a , ea · c⊥a = (1− s)ba · c⊥a ????????
????.
120 < −sβ2(β1γ2 − β2γ1) = β22
(
(1− s)β1 + sγ2
) ?????.
4
? ab ??????????? γ2δ2 > 0 ???. ??
b,d ? ac ??????????? γ2(γ1δ2 − δ1γ2) < 0
???.
∠b�a�c� ∼= ∠bac ?? γ�1 = γ1 ????, ∠b�a�d� ∼=
∠bad ?? δ�1 = δ1 ?????. ???? |γ�2| = |γ2|,
|δ�2| = |δ2| ????. c�,d� ? a�b� ?????????
γ�2δ
�
2 > 0. ??? γ�2δ�2 = |γ�2δ�2| = |γ2δ2| = γ2δ2 ???,
Cos∠d�a�c� = γ�1δ�1+γ�2δ�2 = γ1δ1+γ2δ2 = Cos∠dac,?
??? ∠d�a�c� ∼= ∠dac ???. ?? γ�2(γ�1δ�2− δ�1γ�2) =
γ�1(γ
�
2δ
�
2)− δ�1|γ�2|2 = γ2(γ1δ2 − δ1γ2) < 0 ??, b�,d� ?
a�c� ?????????????, d� ? ∠b�a�c� ???
????????.
(ii) ???. ba = B1da +B2d⊥a , ca = C1da + C2d⊥a ,
b�a′ = B�1d
�
a′ + B�2d
�⊥
a′ , c
�
a′ = C �1d
�
a′ + C �2d
�⊥
a′ ???. d
? ∠bac ???????? −B2(B1C2 −B2C1) > 0 ?
? C2(B1C2 −B2C1) > 0 ???. ?? B2C2 < 0.
∠b�a�d� ∼= ∠bad ?? B�1 = B1. ∠d�a�c� ∼= ∠dac
?? C �1 = C1. ??? |B�2| = |B2|, |C �2| = |C2| ??
?. b�, c� ? a�d� ????????? B�2C �2 < 0. ???
B�2C
�
2 = B2C2. ???? Cos∠b�a�c� = B�1C �1+B�2C �2 =
B1C1+B2C2 = Cos∠bac,???? ∠b�a�c� ∼= ∠bac?
??. ?? −B�2(B�1C �2−B�2C �1) = −B2(B1C2−B2C1) >
0, C �2(B
�
1C
�
2−B�2C �1) = C2(B1C2−B2C1) > 0 ????
??, d� ? ∠b�a�c� ??????.
?? 2.14 (????). ∠bac < ∠edf (???? ∠edf >
∠bac) ??, ???? gh ????? c�, f � ?, ∠hgc� ∼=
∠bac, ∠hgf � ∼= ∠edf ???????????, c� ?
∠hgf � ???????????.
??????????? gh ??? “?”??????
????????????? 2.13? (i)???????
??.
?? 2.15. ∠bac < ∠edf ? Cos∠bac > Cos∠edf ?
??????????.
??: d = a, e = b, ?? c, f ? ab ?????
??????????????. ?????????,
ba, ca, fa ∈ S1 ?????. ca = γ1ba + γ2b⊥a , fa =
φ1ba + φ2b⊥a ???. c, f ? ab ?????????
γ2φ2 > 0 ???. ????, ∠bac < ∠baf ????
??
φ2(γ1φ2 − γ2φ1) > 0 (2.1)
??????. γ2 > 0 ???? φ2 > 0. ????
(2.1) ? γ1/
√
1− γ21 > φ1/
√
1− φ21 ???????, ?
? f(x) := x/√1− x2 ? −1 < x < 1 ??????
??????????????????, ??? γ1(=
Cos∠bac) > φ1(= Cos∠baf) ???????????
?. γ2 < 0 ???? φ2 < 0 ????? (2.1) ?, ???
γ1/
√
1− γ21 > φ1/
√
1− φ21 ??????, ?????.
??, f ????????????????????
?: 0 < x < 1 ??? f(x) = 1/√x−2 − 1, x = 0 ??
? f(x) = 0, −1 < x < 0 ??? f(x) = −1/√x−2 − 1
????????????????.
?? 2.15 ??, ??? 2? ∠bac ? ∠edf ????,
∠bac < ∠edf , ∠bac ∼= ∠edf , ∠bac > ∠edf ???
?????????????. ??, ∠bac < ∠edf ?
? ∠edf < ∠hgi ??? ∠bac < ∠hgi (???) ???
??.
???????????, ?????????.
[∠bac] := {∠b�a�c�; ∠b�a�c� ∼= ∠bac}
??? (????? [∠bac]?, ∠bac? “????”??
?????????). ∠bac ? [∠bac] ???????.
???????????????. ??, ∠bac ∼= ∠edf
? [∠bac] = [∠edf ] ????????????????
????.
“????”??????????????? [∠bac]+
[∠edf ]????: ∠bac? ∠edf ????,???? a�c�
????? 2? b� ? f � ?
∠b�a�c� ∼= ∠bac, ∠c�a�f � ∼= ∠edf
???????????, c� ? ∠b�a�f � ???????
?? (??? ∠b�a�c�+∠c�a�f � = ∠b�a�f � ???). ??
?? [∠bac] + [∠edf ] := [∠b�a�f �] ?????. ???
? “?????????? (well-deﬁned ???)”(??
? [∠bac] ? [∠edf ] ????? a�c� ????????
?????????)????? 2.13 ? (ii) ?????
???. ?????????????????. ???,
?? (B3) ????????????13 .
??, ??????? “????” ?, ?? 180◦ ??
??????????????????. ??? “??
??????? 180◦ ???”???????????
????????????. d ∗a ∗b ????, c ???
ab ??????, ∠dac ? ∠bac ??????. ???
13?? (B3) ??????????????: ?????????
????; ? A′,B′ ???????? OA,OB ??? O ?????
?????, [∠AOB] = [∠A′OB′] ???; ??, ? C ? ∠AOB ?
???????, [∠AOB] = [∠AOC] + [∠BOC] ?????.
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??
(b� − a) · (c� − a)
�b� − a� �c� − a� =
(b− a) · (c− a)
�b− a� �c− a�
???8, ?????????????????????
???. ???
Cos∠bac := (b− a) · (c− a)�b− a� �c− a�
????? (?????????????? Cos ???
??????). ??, ∠bac ??????????, 3
? a,b, c ?????????????????. a,b, c
????????????????????? −1 <
Cos∠bac < 1 ???. ??? 0◦ ? 180◦ ????? “
?”?????????????.
a,b ∈ R2 ???? ba := b− a ????9.
?? 2.8 (???? (??)). Cos∠bac = Cos∠edf ?
???? ∠bac ? ∠edf ??? (??????)???
???, ∠bac ∼= ∠edf ???.
??????????? 3???????: ∠bac ∼=
∠bac (???); ∠bac ∼= ∠edf ??? ∠edf ∼= ∠bac
(???); ∠bac ∼= ∠edf ?? ∠edf ∼= ∠hgi ???
∠bac ∼= ∠hgi (???).
?? 2.9. ???, ???, ???, ?????????
??????????. ????????????.
?? 2.10 (?? (B4)). ∠bac ???? de� ?????
???, fd,gd ∈ S1 ??????, ?? de ?????
?? 2? f ,g ???????????????, ∠edf ∼=
∠edg ∼= ∠bac ????.
??: ??????? ed ∈ S1 ???????. m =
Cos∠bac ??? (−1 < m < 1 ???). ????
hd = x1ed + x2e⊥d ????, ∠edh ∼= ∠bac ?? hd ∈
S1 ?????, m = Cos∠edh = hd · ed = x1 ??
x21 + x
2
2 = 1 ???????????. ??? hd =
med±
√
1−m2e⊥d ???, ??? fd, ????? gd ?
????? f , g ?????????.
? d ? ∠bac ????????, ? c,d ??? ab ?
??????, ? b,d ??? ac ??????????
??10. ∠bac ? d(�= a) ????????, “??? ad�
8??? b� = a + t1(b − a), c� = a + t2(c − a) (t1, t2 > 0) ?
?????????.
9???? −→ab ????, ??????????????????
??.
10b�,b��(�= a) ∈ ab ? ac ????????????????. ?
?? c�, c��(�= a) ∈ ac ? ab ???????. ??? “∠bac ??
?” ???? ab�,ac� ????????????.
?? a ????????∠bac ??????”?, “??
? ad� ????? ∠bac ??????”???????
????????????????.
?? 2.11 (?? (B5)). ? d ? ∠bac ???????
?, ??? ad� ??? bc ????.
??: ??????? da ∈ S1 ?????. ba =
β1da + β2d⊥a , ca = γ1da + γ2d
⊥
a ????, d ? ∠bac
??????????, −β2(β1γ2 − β2γ1) > 0 ??
γ2(β1γ2 − β2γ1) > 0. ?? β2γ2 < 0. ???, ?? 0 <
s < 1????, (1−s)β2+sγ2 = 0. e := a+(1−s)ba+
sca(= (1 − s)b + sc) ????, e ∈ bc ????, e ?
∠bac??????11. ??, e = a+((1−s)β1+sγ1)da
???? (1− s)β1 + sγ1 > 0 ?????12, e ∈ ad� ??
?. ??? e ? ad� ? bc ??????.
??? ad�? ∠bac??????????, d? ∠bac
?????? ∠bad ∼= ∠cad ????????.
?? 2.12 (?? (D1)). ∠bac ????? ad� ???
??.
??: ???????, ba, ca ∈ S1 ?????. d :=
b+ c− a ????, da = ba + ca ???. Cos∠bad =
(1 + ba · ca)/�da� = Cos∠cad ?? ∠bad ∼= ∠cad ?
??. ?? (ca · b⊥a )(da · b⊥a ) = (ca · b⊥a )2 > 0, (ba ·
c⊥a )(da · c⊥a ) = (ba · c⊥a )2 > 0 ??? d ? ∠bac ???
?????????.
? d? ∠bac????????,??? ∠bad+∠dac
? ∠bad+ ∠dac := ∠bac ????.
?? 2.13. ∠bac ????? d ??? (?????
∠bad+ ∠dac = ∠bac ???)??, ??????.
(i) ∠b�a�c� ∼= ∠bac, ∠b�a�d� ∼= ∠bad, ??? c�,d� ?
?? a�b� ??????????, ∠dac ∼= ∠d�a�c� ?
???, d� ? ∠b�a�c� ??????.
(ii) ∠b�a�d� ∼= ∠bad, ∠d�a�c� ∼= ∠dac, ??? b�, c� ?
?? a�d� ??????????, ∠bac ∼= ∠b�a�c� ???
?, d� ? ∠b�a�c� ?????? (????? ∠b�a�d� +
∠d�a�c� = ∠b�a�c�) ???.
??: ??????? ba, ca, da, b�a′ , c�a′ , d�a′ ∈ S1
?????.
(i) ???. ca = γ1ba + γ2b⊥a , da = δ1ba + δ2b⊥a ,
c�a′ = γ�1b
�
a′ + γ2b�
⊥
a′ , d
�
a′ = δ�1b
�
a′ + δ�2b
�⊥
a′ ???. c,d
11ea ·b⊥a = sca ·b⊥a , ea · c⊥a = (1− s)ba · c⊥a ????????
????.
120 < −sβ2(β1γ2 − β2γ1) = β22
(
(1− s)β1 + sγ2
) ?????.
4
? ab ??????????? γ2δ2 > 0 ???. ??
b,d ? ac ??????????? γ2(γ1δ2 − δ1γ2) < 0
???.
∠b�a�c� ∼= ∠bac ?? γ�1 = γ1 ????, ∠b�a�d� ∼=
∠bad ?? δ�1 = δ1 ?????. ???? |γ�2| = |γ2|,
|δ�2| = |δ2| ????. c�,d� ? a�b� ?????????
γ�2δ
�
2 > 0. ??? γ�2δ�2 = |γ�2δ�2| = |γ2δ2| = γ2δ2 ???,
Cos∠d�a�c� = γ�1δ�1+γ�2δ�2 = γ1δ1+γ2δ2 = Cos∠dac,?
??? ∠d�a�c� ∼= ∠dac ???. ?? γ�2(γ�1δ�2− δ�1γ�2) =
γ�1(γ
�
2δ
�
2)− δ�1|γ�2|2 = γ2(γ1δ2 − δ1γ2) < 0 ??, b�,d� ?
a�c� ?????????????, d� ? ∠b�a�c� ???
????????.
(ii) ???. ba = B1da +B2d⊥a , ca = C1da + C2d⊥a ,
b�a′ = B�1d
�
a′ + B�2d
�⊥
a′ , c
�
a′ = C �1d
�
a′ + C �2d
�⊥
a′ ???. d
? ∠bac ???????? −B2(B1C2 −B2C1) > 0 ?
? C2(B1C2 −B2C1) > 0 ???. ?? B2C2 < 0.
∠b�a�d� ∼= ∠bad ?? B�1 = B1. ∠d�a�c� ∼= ∠dac
?? C �1 = C1. ??? |B�2| = |B2|, |C �2| = |C2| ??
?. b�, c� ? a�d� ????????? B�2C �2 < 0. ???
B�2C
�
2 = B2C2. ???? Cos∠b�a�c� = B�1C �1+B�2C �2 =
B1C1+B2C2 = Cos∠bac,???? ∠b�a�c� ∼= ∠bac?
??. ?? −B�2(B�1C �2−B�2C �1) = −B2(B1C2−B2C1) >
0, C �2(B
�
1C
�
2−B�2C �1) = C2(B1C2−B2C1) > 0 ????
??, d� ? ∠b�a�c� ??????.
?? 2.14 (????). ∠bac < ∠edf (???? ∠edf >
∠bac) ??, ???? gh ????? c�, f � ?, ∠hgc� ∼=
∠bac, ∠hgf � ∼= ∠edf ???????????, c� ?
∠hgf � ???????????.
??????????? gh ??? “?”??????
????????????? 2.13? (i)???????
??.
?? 2.15. ∠bac < ∠edf ? Cos∠bac > Cos∠edf ?
??????????.
??: d = a, e = b, ?? c, f ? ab ?????
??????????????. ?????????,
ba, ca, fa ∈ S1 ?????. ca = γ1ba + γ2b⊥a , fa =
φ1ba + φ2b⊥a ???. c, f ? ab ?????????
γ2φ2 > 0 ???. ????, ∠bac < ∠baf ????
??
φ2(γ1φ2 − γ2φ1) > 0 (2.1)
??????. γ2 > 0 ???? φ2 > 0. ????
(2.1) ? γ1/
√
1− γ21 > φ1/
√
1− φ21 ???????, ?
? f(x) := x/√1− x2 ? −1 < x < 1 ??????
??????????????????, ??? γ1(=
Cos∠bac) > φ1(= Cos∠baf) ???????????
?. γ2 < 0 ???? φ2 < 0 ????? (2.1) ?, ???
γ1/
√
1− γ21 > φ1/
√
1− φ21 ??????, ?????.
??, f ????????????????????
?: 0 < x < 1 ??? f(x) = 1/√x−2 − 1, x = 0 ??
? f(x) = 0, −1 < x < 0 ??? f(x) = −1/√x−2 − 1
????????????????.
?? 2.15 ??, ??? 2? ∠bac ? ∠edf ????,
∠bac < ∠edf , ∠bac ∼= ∠edf , ∠bac > ∠edf ???
?????????????. ??, ∠bac < ∠edf ?
? ∠edf < ∠hgi ??? ∠bac < ∠hgi (???) ???
??.
???????????, ?????????.
[∠bac] := {∠b�a�c�; ∠b�a�c� ∼= ∠bac}
??? (????? [∠bac]?, ∠bac? “????”??
?????????). ∠bac ? [∠bac] ???????.
???????????????. ??, ∠bac ∼= ∠edf
? [∠bac] = [∠edf ] ????????????????
????.
“????”??????????????? [∠bac]+
[∠edf ]????: ∠bac? ∠edf ????,???? a�c�
????? 2? b� ? f � ?
∠b�a�c� ∼= ∠bac, ∠c�a�f � ∼= ∠edf
???????????, c� ? ∠b�a�f � ???????
?? (??? ∠b�a�c�+∠c�a�f � = ∠b�a�f � ???). ??
?? [∠bac] + [∠edf ] := [∠b�a�f �] ?????. ???
? “?????????? (well-deﬁned ???)”(??
? [∠bac] ? [∠edf ] ????? a�c� ????????
?????????)????? 2.13 ? (ii) ?????
???. ?????????????????. ???,
?? (B3) ????????????13 .
??, ??????? “????” ?, ?? 180◦ ??
??????????????????. ??? “??
??????? 180◦ ???”???????????
????????????. d ∗a ∗b ????, c ???
ab ??????, ∠dac ? ∠bac ??????. ???
13?? (B3) ??????????????: ?????????
????; ? A′,B′ ???????? OA,OB ??? O ?????
?????, [∠AOB] = [∠A′OB′] ???; ??, ? C ? ∠AOB ?
???????, [∠AOB] = [∠AOC] + [∠BOC] ?????.
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? ∠bac????????, ?? 2.4? (ii)?? d∗a∗b
??????? d ???????, ∠bac ??????
????. ∠bac ? ∠cab ?????????????
?????, ?????????. ??, ∠dac ? ∠bac
???????, ?? ∠bac ? ∠dac ??????.
?? 2.16. ∠bac ∼= ∠b�a�c� ??, ∠dac, ∠d�a�c� ??
??? ∠bac, ∠b�a�c� ??????. ???? ∠dac ∼=
∠d�a�c� ???. ?????????????????.
??: ∠bac ????? ∠dac ???????
Cos∠dac = −Cos∠bac
???????????????????????.
[∠bac] ? [∠edf ] ??? 2???????, ∠edf ?
∠bac??????????????. ??? “????
????”????? 2.16?????. ????? (D3)
??????????14.
???????????????. ∠bac ?????
???, ∠dac ? ∠bac ??? (????)?????,
∠bac ∼= ∠dac ??????????. ???????
?????????????? 2.16?????.
?? 2.17 (?? (D2)). (i) ∠bac ?????????,
Cos∠bac = 0 ??????, (b− a) · (c− a) = 0 ??
?????????.
(ii) ???????.
??: (i)???. Cos∠bac = 0? (b−a) ·(c−a) = 0
????????????????.
∠bac???,????? ∠dac???? Cos∠dac =
Cos∠bac, ?? Cos∠dac = −Cos∠bac ?????,
Cos∠bac = 0 ???. ????????.
(ii) ???. a = (0, 0), b = (0, 1), c = (1, 0) ???
?, (b− a) · (c− a) = 0 ??, ∠bac ??????.
3 ???
2?? �, m ????????, � ? m ?????? (?
??????) ?????.
?? 3.1. 2?? ab ? cd ?????????, ??
k(�= 0) ????? d− c = k(b− a) ????????
???.
14?? (D3) ??????????????: ∠b ? ∠a ?????
?, [∠a] + [∠b] = 180◦ ??? (???? [∠b] = 180◦ − [∠a]).
??: a = α1ba + α2b⊥a , c = γ1ba + γ2b⊥a , dc =
δ1ba + δ2b⊥a ???. ???? ab = {(α1 + t)ba +
α2b⊥a ; t ∈ R}, cd = {(γ1+sδ1)ba+(γ2+sδ2)b⊥a ; s ∈ R}
???. (δ1, δ2) �= (0, 0) ??????, “k �= 0 ???
?? d − c = k(b − a)” ?????? δ2 = 0 ????
??.
δ2 = 0 ???. ???? γ2 = α2 ???, ab = cd ?
???? γ2 �= α2 ???. ?????(
(α1 + t)ba + α2b⊥a
)− ((γ1 + sδ1)ba + γ2b⊥a )
= (α1 − γ1 + t− sδ1)ba + (α2 − γ2)b⊥a �= 0
???? t, s ∈ R ??????. ??? ab ∩ cd = ∅ ?
??.
δ2 �= 0 ???. ???? s0 = (α2 − γ2)/δ2, t0 =
γ1 − α1 + s0δ1 ????,
(α1 + t0)ba + α2b⊥a = (γ1 + s0δ1)ba + (γ2 + s0δ2)b
⊥
a
? ab ? cd ????????????. ????? ab
? cd ???????.
2?? �, m ???. a ∈ �, b ∈ m ??, ??? 2?
c ∈ � ? d ∈ m ??? ab ???????. ????,
∠cab ? ∠dba ??????.
?? 3.2 (?? (C1), (C2)). 2?? �,m???, a, c ∈ �,
b,d ∈ m ????, c,d ? ab ???????. ???
???????.
(i) � ? m ??????, ∠cab ∼= ∠dba ???.
(ii) ∠cab ∼= ∠dba ???, � ? m ??????.
??: ??????? ca,db ∈ S1 ?????. ??
?? � = {a + tca; t ∈ R}, m = {b + tdb; t ∈ R} ??
?. b˜a = �b − a�−1(b − a) ??, ca = γ1b˜a + γ2b˜a
⊥
,
db = δ1b˜a + δ2b˜a
⊥ ???. c,d ? ab ???????
?? γ2δ2 < 0 ???.
(i) ???. � ? m ???????? 3.1 ??, ??
k �= 0 ???? db = kca. ca,db ∈ S1 ?? |k| = 1.
δ2 = kγ2 ?? δ2γ2 < 0 ?? k = −1 ???. ????
? Cos∠cab = b˜a · ca = (−b˜a) · db = Cos∠dba ??
??????.
(ii) ???. ???? γ1 = Cos∠cab = Cos∠dba =
−δ1 ???. ??? |γ2| =
√
1− γ21 =
√
1− δ21 = |δ2|
???. γ2δ2 < 0 ?? γ2 = −δ2. ??? db = −ca ?
??, ?? 3.1 ?? � ? m ??????.
????????:
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?? 3.3 (?? (D4)). � = {p + tq; t ∈ R} (???
q �= 0) ??, a �∈ � ???????????. ????,
a ???, � ???????????.
??, m = {a+ tq; t ∈ R} ????????????.
4 ??????
??????? 3? a,b, c ?????, ??? �abc
? �abc := ab ∪ bc ∪ ca ????. a,b, c ? �abc
???, ab, bc, ca ?????. ??????????
?, ∠bac, ∠cba, ∠acb ????? ∠a,∠b,∠c ???
???.
?? 4.1 (??????). ??? T , T ′ ????, T ?
3??? a,b, c ???????, T ′ ? 3??? a′,b′, c′
?????????
|ab| = |a′b′|, |bc| = |b′c′|, |ca| = |c′a′|,
∠a ∼= ∠a′, ∠b ∼= ∠b′, ∠c ∼= ∠c′
?????????????, ??? T ? T ′ ????
?????, T ≡ T ′ ???. ??????? a ? a′, b
? b′, c ? c′ ??????????.
??, �abc ≡ �a′b′c′ ????????, a ? a′, b
? b′, c ? c′ ??????????.
?? 4.2. a,b,c???????? 3????.
(i) |ab| = p, |bc| = q, |ca| = r ????, Cos∠a,
Cos∠b, Cos∠c ? p, q, r ?????????.
(ii) |ab| = p, |ca| = r, Cos∠a = A ????, |bc|,
Cos∠b, Cos∠c ? p, r, A ?????????.
(iii) |ab| = p, Cos∠a = A, Cos∠b = B ????, |bc|,
|ca|, Cos∠c ? p,A,B ?????????.
??: (i) ???. q2 = �b − c�2 = �(b − a) − (c −
a)�2 = p2 + r2 − 2prCos∠a ???. ??? Cos∠a =
(p2 + r2 − q2)/(2pr) ???. ??????, Cos∠b =
(p2 + q2 − r2)/(2pq), Cos∠c = (q2 + r2 − p2)/(2qr).
(ii) ???. ???????? |bc|2 = p2 + r2 − 2prA
?????, |bc| =
√
p2 + r2 − 2prA ???. 3???
??, p, r, A ??????????, (i) ?????, ?
? 2???????.
(iii)???. r := |ca| ???, ?? r ????. prA =
ba · ca ???. �c−b�2 = �ca−ba�2 = r2− 2prA+ p2
?????, �a− b� �c− b�B = (a− b) · (c− b) ??
p
√
r2 − 2prA+ p2B = (−ba) · (ca − ba) = p2 − prA
???. x = (p/r) − A ??, ?????? pr ??
?? B√x2 + (1−A2) = x ???. ???????
x = B
√
(1−A2)/(1−B2) ??? (|A|, |B| < 1 ??
?). r = p/(x+A) ?????, r ? p,A,B ?????
???. 2??????????????, (ii) ????
??????.
?? 4.2?????????????:
? 4.3 (?? (E1), (E2), (E3)). ??????????
??????, �abc ≡ �a′b′c′ ???:
(i) |ab| = |a′b′|, |bc| = |b′c′|, |ca| = |c′a′|.
(ii) |ab| = |a′b′|, |ca| = |c′a′|, ∠a ∼= ∠a′.
(iii) |ab| = |a′b′|, ∠a ∼= ∠a′, ∠b ∼= ∠b′.
5 ??????
?? 5.1 (??????). ??? T, T ′ ????, T ?
3??? a,b, c ???????, T ′ ? 3??? a′,b′, c′
?????????
|ab| : |a′b′| = |bc| : |b′c′| = |ca| : |c′a′|,
∠a ∼= ∠a′, ∠b ∼= ∠b′, ∠c ∼= ∠c′
?????????????, ??? T ? T ′ ????
?????, T ?T ′ ???.
?? a ? a′, b ? b′, c ? c′ ??????????
?????. �abc?�a′b′c′ ???????, ???
???????????????.
?? 5.2 (?? (E4), (E5), (E6)). ?????????
???????, �abc?�a′b′c′ ???:
(i) |ab| : |a′b′| = |bc| : |b′c′| = |ca| : |c′a′|.
(ii) |ab| : |a′b′| = |ca| : |c′a′|, ∠a ∼= ∠a′.
(iii) ∠a ∼= ∠a′, ∠b ∼= ∠b′.
??: |ab| = p, |bc| = q, |ca| = r, Cos∠a = A,
Cos∠b = B, Cos∠c = C ???. ??? |a′b′| = p′,
|b′c′| = q′, |c′a′| = r′, Cos∠a′ = A′, Cos∠b′ = B′,
Cos∠c′ = C ′ ???.
(i) ???. ????, ?? k > 0 ?????, p′ = kp,
q′ = kq, r′ = kr ???. ?? 4.2 ? (i) ?????
A =
p2 + r2 − q2
2pr
=
(p′)2 + (r′)2 − (q′)2
2p′r′
= A′
???. ??? B = B′, C = C ′ ?????????
??.
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? ∠bac????????, ?? 2.4? (ii)?? d∗a∗b
??????? d ???????, ∠bac ??????
????. ∠bac ? ∠cab ?????????????
?????, ?????????. ??, ∠dac ? ∠bac
???????, ?? ∠bac ? ∠dac ??????.
?? 2.16. ∠bac ∼= ∠b�a�c� ??, ∠dac, ∠d�a�c� ??
??? ∠bac, ∠b�a�c� ??????. ???? ∠dac ∼=
∠d�a�c� ???. ?????????????????.
??: ∠bac ????? ∠dac ???????
Cos∠dac = −Cos∠bac
???????????????????????.
[∠bac] ? [∠edf ] ??? 2???????, ∠edf ?
∠bac??????????????. ??? “????
????”????? 2.16?????. ????? (D3)
??????????14.
???????????????. ∠bac ?????
???, ∠dac ? ∠bac ??? (????)?????,
∠bac ∼= ∠dac ??????????. ???????
?????????????? 2.16?????.
?? 2.17 (?? (D2)). (i) ∠bac ?????????,
Cos∠bac = 0 ??????, (b− a) · (c− a) = 0 ??
?????????.
(ii) ???????.
??: (i)???. Cos∠bac = 0? (b−a) ·(c−a) = 0
????????????????.
∠bac???,????? ∠dac???? Cos∠dac =
Cos∠bac, ?? Cos∠dac = −Cos∠bac ?????,
Cos∠bac = 0 ???. ????????.
(ii) ???. a = (0, 0), b = (0, 1), c = (1, 0) ???
?, (b− a) · (c− a) = 0 ??, ∠bac ??????.
3 ???
2?? �, m ????????, � ? m ?????? (?
??????) ?????.
?? 3.1. 2?? ab ? cd ?????????, ??
k(�= 0) ????? d− c = k(b− a) ????????
???.
14?? (D3) ??????????????: ∠b ? ∠a ?????
?, [∠a] + [∠b] = 180◦ ??? (???? [∠b] = 180◦ − [∠a]).
??: a = α1ba + α2b⊥a , c = γ1ba + γ2b⊥a , dc =
δ1ba + δ2b⊥a ???. ???? ab = {(α1 + t)ba +
α2b⊥a ; t ∈ R}, cd = {(γ1+sδ1)ba+(γ2+sδ2)b⊥a ; s ∈ R}
???. (δ1, δ2) �= (0, 0) ??????, “k �= 0 ???
?? d − c = k(b − a)” ?????? δ2 = 0 ????
??.
δ2 = 0 ???. ???? γ2 = α2 ???, ab = cd ?
???? γ2 �= α2 ???. ?????(
(α1 + t)ba + α2b⊥a
)− ((γ1 + sδ1)ba + γ2b⊥a )
= (α1 − γ1 + t− sδ1)ba + (α2 − γ2)b⊥a �= 0
???? t, s ∈ R ??????. ??? ab ∩ cd = ∅ ?
??.
δ2 �= 0 ???. ???? s0 = (α2 − γ2)/δ2, t0 =
γ1 − α1 + s0δ1 ????,
(α1 + t0)ba + α2b⊥a = (γ1 + s0δ1)ba + (γ2 + s0δ2)b
⊥
a
? ab ? cd ????????????. ????? ab
? cd ???????.
2?? �, m ???. a ∈ �, b ∈ m ??, ??? 2?
c ∈ � ? d ∈ m ??? ab ???????. ????,
∠cab ? ∠dba ??????.
?? 3.2 (?? (C1), (C2)). 2?? �,m???, a, c ∈ �,
b,d ∈ m ????, c,d ? ab ???????. ???
???????.
(i) � ? m ??????, ∠cab ∼= ∠dba ???.
(ii) ∠cab ∼= ∠dba ???, � ? m ??????.
??: ??????? ca,db ∈ S1 ?????. ??
?? � = {a + tca; t ∈ R}, m = {b + tdb; t ∈ R} ??
?. b˜a = �b − a�−1(b − a) ??, ca = γ1b˜a + γ2b˜a
⊥
,
db = δ1b˜a + δ2b˜a
⊥ ???. c,d ? ab ???????
?? γ2δ2 < 0 ???.
(i) ???. � ? m ???????? 3.1 ??, ??
k �= 0 ???? db = kca. ca,db ∈ S1 ?? |k| = 1.
δ2 = kγ2 ?? δ2γ2 < 0 ?? k = −1 ???. ????
? Cos∠cab = b˜a · ca = (−b˜a) · db = Cos∠dba ??
??????.
(ii) ???. ???? γ1 = Cos∠cab = Cos∠dba =
−δ1 ???. ??? |γ2| =
√
1− γ21 =
√
1− δ21 = |δ2|
???. γ2δ2 < 0 ?? γ2 = −δ2. ??? db = −ca ?
??, ?? 3.1 ?? � ? m ??????.
????????:
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?? 3.3 (?? (D4)). � = {p + tq; t ∈ R} (???
q �= 0) ??, a �∈ � ???????????. ????,
a ???, � ???????????.
??, m = {a+ tq; t ∈ R} ????????????.
4 ??????
??????? 3? a,b, c ?????, ??? �abc
? �abc := ab ∪ bc ∪ ca ????. a,b, c ? �abc
???, ab, bc, ca ?????. ??????????
?, ∠bac, ∠cba, ∠acb ????? ∠a,∠b,∠c ???
???.
?? 4.1 (??????). ??? T , T ′ ????, T ?
3??? a,b, c ???????, T ′ ? 3??? a′,b′, c′
?????????
|ab| = |a′b′|, |bc| = |b′c′|, |ca| = |c′a′|,
∠a ∼= ∠a′, ∠b ∼= ∠b′, ∠c ∼= ∠c′
?????????????, ??? T ? T ′ ????
?????, T ≡ T ′ ???. ??????? a ? a′, b
? b′, c ? c′ ??????????.
??, �abc ≡ �a′b′c′ ????????, a ? a′, b
? b′, c ? c′ ??????????.
?? 4.2. a,b,c???????? 3????.
(i) |ab| = p, |bc| = q, |ca| = r ????, Cos∠a,
Cos∠b, Cos∠c ? p, q, r ?????????.
(ii) |ab| = p, |ca| = r, Cos∠a = A ????, |bc|,
Cos∠b, Cos∠c ? p, r, A ?????????.
(iii) |ab| = p, Cos∠a = A, Cos∠b = B ????, |bc|,
|ca|, Cos∠c ? p,A,B ?????????.
??: (i) ???. q2 = �b − c�2 = �(b − a) − (c −
a)�2 = p2 + r2 − 2prCos∠a ???. ??? Cos∠a =
(p2 + r2 − q2)/(2pr) ???. ??????, Cos∠b =
(p2 + q2 − r2)/(2pq), Cos∠c = (q2 + r2 − p2)/(2qr).
(ii) ???. ???????? |bc|2 = p2 + r2 − 2prA
?????, |bc| =
√
p2 + r2 − 2prA ???. 3???
??, p, r, A ??????????, (i) ?????, ?
? 2???????.
(iii)???. r := |ca| ???, ?? r ????. prA =
ba · ca ???. �c−b�2 = �ca−ba�2 = r2− 2prA+ p2
?????, �a− b� �c− b�B = (a− b) · (c− b) ??
p
√
r2 − 2prA+ p2B = (−ba) · (ca − ba) = p2 − prA
???. x = (p/r) − A ??, ?????? pr ??
?? B√x2 + (1−A2) = x ???. ???????
x = B
√
(1−A2)/(1−B2) ??? (|A|, |B| < 1 ??
?). r = p/(x+A) ?????, r ? p,A,B ?????
???. 2??????????????, (ii) ????
??????.
?? 4.2?????????????:
? 4.3 (?? (E1), (E2), (E3)). ??????????
??????, �abc ≡ �a′b′c′ ???:
(i) |ab| = |a′b′|, |bc| = |b′c′|, |ca| = |c′a′|.
(ii) |ab| = |a′b′|, |ca| = |c′a′|, ∠a ∼= ∠a′.
(iii) |ab| = |a′b′|, ∠a ∼= ∠a′, ∠b ∼= ∠b′.
5 ??????
?? 5.1 (??????). ??? T, T ′ ????, T ?
3??? a,b, c ???????, T ′ ? 3??? a′,b′, c′
?????????
|ab| : |a′b′| = |bc| : |b′c′| = |ca| : |c′a′|,
∠a ∼= ∠a′, ∠b ∼= ∠b′, ∠c ∼= ∠c′
?????????????, ??? T ? T ′ ????
?????, T ?T ′ ???.
?? a ? a′, b ? b′, c ? c′ ??????????
?????. �abc?�a′b′c′ ???????, ???
???????????????.
?? 5.2 (?? (E4), (E5), (E6)). ?????????
???????, �abc?�a′b′c′ ???:
(i) |ab| : |a′b′| = |bc| : |b′c′| = |ca| : |c′a′|.
(ii) |ab| : |a′b′| = |ca| : |c′a′|, ∠a ∼= ∠a′.
(iii) ∠a ∼= ∠a′, ∠b ∼= ∠b′.
??: |ab| = p, |bc| = q, |ca| = r, Cos∠a = A,
Cos∠b = B, Cos∠c = C ???. ??? |a′b′| = p′,
|b′c′| = q′, |c′a′| = r′, Cos∠a′ = A′, Cos∠b′ = B′,
Cos∠c′ = C ′ ???.
(i) ???. ????, ?? k > 0 ?????, p′ = kp,
q′ = kq, r′ = kr ???. ?? 4.2 ? (i) ?????
A =
p2 + r2 − q2
2pr
=
(p′)2 + (r′)2 − (q′)2
2p′r′
= A′
???. ??? B = B′, C = C ′ ?????????
??.
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(ii)???. ????, ?? k > 0?????, p� = kp,
r� = kr ???. ?? A = A� ?????. ?? 4.2 ?
(ii) ???????
q� =
√
(p�)2 + (r�)2 − 2p�r�A�
=
√
(kp)2 + (kr)2 − 2(kp)(kr)A = kq
???. ??? (i) ????????, B = B�, C = C �
???.
(iii) ???. ???? A = A�, B = B� ???. k :=
p�/p ???. ?? 4.2 ? (iii) ???????
p�
r�
−A� = B�
√
1− (A�)2
1− (B�)2 = B
√
1−A2
1−B2 =
p
r
−A
?????, p�/r� = p/r, ???? r�/r = p�/p = k. (ii)
????????, q�/q = k, C = C � ???.
6 ????
?????????????????????.
?? 6.1. ρ : R2 → R2 ??????????
�ρ(b)− ρ(a)� = �b− a�, a,b ∈ R2 (6.1)
??????????.
????????, ρ1, ρ2????????ρ2◦ρ1(a) :=
ρ2(ρ1(a)) ???????? ρ2 ◦ ρ1 ????????.
?? 6.2. ρ˜ : R2 → R2 ?
ρ˜(a) · ρ˜(b) = a · b, a,b ∈ R2 (6.2)
??????, e ∈ S1 ???? ρ˜(e⊥) = ± (ρ˜(e))⊥ ?
??.
??. (a,b) = (e, e), (e⊥, e⊥), (e, e⊥) ???? (6.2)
????? ρ˜(e), ρ˜(e⊥) ∈ S1, ρ˜(e) · ρ˜(e⊥) = 0 ???.
??? ρ˜(e⊥) = α1ρ˜(e) + α2ρ˜(e)⊥ ????, α1 = 0 ?
??? α21 + α22 = 1. ????? α2 = ±1 ???.
?? 6.3. ρ : R2 → R2 ???. ???? a ∈ R2 ??
?? ρ˜(a) := ρ(a)− ρ(0) ????, ρ ????????
???, ρ˜ ? (6.2) ?????????????????
??.
??: ρ˜? (6.2)???????????, ρ(b)−ρ(a) =
ρ˜(b−a) ?????? ρ ??????????????
???.
?? ρ ????????. (6.1) ??
�ρ˜(b)− ρ˜(a)� = �b− a�, a,b ∈ R2 (6.3)
???. b = 0????, ρ˜(0) = 0?????, �ρ˜(a)� =
�a�? a ∈ R2??????. ????? �ρ˜(−a)� = �a�.
???? �ρ˜(a) + ρ˜(−a)�2 = 2 (�ρ˜(a)�2 + �ρ˜(−a)�2) −
�ρ˜(a) − ρ˜(−a)�2 = 4�a�2 − �a − (−a)�2 = 0. ???
ρ˜(−a) = −ρ˜(a) ? a ∈ R2 ??????. (1.1) ??
4ρ˜(a) · ρ˜(b) =�ρ˜(b)− ρ˜(−a)�2 − �ρ˜(b)− ρ˜(a)�2
=�b− (−a)�2 − �b− a�2 = 4a · b
?????, (6.2) ???. ρ˜ ????? (6.2) ????:
λ, μ ∈ R, a,b, c ∈ R2 ???? (6.2) ??
ρ˜(λa+μb)· ρ˜(c) = λa·c+μb·c = (λρ˜(a) + μρ˜(b))· ρ˜(c)
???.
e ∈ S1 ?????. ??? c = e, e⊥ ????, ?
? 6.2??? 1.1??????, ρ˜(λa + μb) = λρ˜(a) +
μρ˜(b) ???.
D ⊂ R2 ????, ρ(D) := {ρ(a); a ∈ D} ???.
? 6.4. ρ ??????????, ρ(ab) = ρ(a)ρ(b),
ρ(∠bac) = ∠ρ(b)ρ(a)ρ(c) ???. ???
|ρ(ab)| = |ab|, ρ(∠bac) ∼= ∠bac
???.
ρ˜ ? (6.2) ???????????. e ∈ S1 ????
?. ?? 6.2??, ρ˜(e⊥) = (ρ˜(e))⊥ ????, ρ˜(e⊥) =
− (ρ˜(e))⊥ ???. ???????, ?????????
?. ??, ????????, ????????? e ??
?????????? ρ˜ ????????15. ??, ?
? c ????, ρ(a) = a + c (a ∈ R2) ??? ρ ???
?????.
I ???????? (???, a ∈ R2 ???? I(a) =
a). ρ˜??????????, a = α1ρ˜(e)+α2 (ρ˜(e))⊥ ?
???, μ(a) := α1e+α2e⊥ ????? μ◦ ρ˜ = ρ˜◦μ = I
?????????. ??? ρ˜???????. ρ˜???
????????, ρ˜(e) = ε˜1e+ ε˜2e⊥ ????, ρ˜(e⊥) =
−(ρ˜(e))⊥ = ε˜2e− ε˜1e⊥ ???. ??? a = α1e+α2e⊥
????
ρ˜ ◦ ρ˜(a) = ρ˜((α1ε˜1 + α2ε˜2)e+ (α1ε˜2 − α2ε˜1)e⊥) = a
15??, ρ˜(e⊥) = ± (ρ˜(e))⊥ ??? (??, ????). f = φ1e +
φ2e⊥ ∈ S1 ???? ρ˜(f) = φ1ρ˜(e)±φ2 (ρ˜(e))⊥ ???? ρ˜(f⊥) =
−φ2ρ˜(e)± φ1 (ρ˜(e))⊥ = ± (ρ˜(f))⊥.
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???. ???? ρ˜ ◦ ρ˜ = I ?????, ρ˜ ??????
????. ????????????????????.
????? 6.3 ?????????.
?? 6.5. ????, ????, ??????????
??. ???????, ??????????????
??????????, ??????16. ??????
? R2 ?? R2 ????????.
“????”, “????” ?????????????
??????.
?? 6.6. (i) ρ˜ ?????????, ρ˜ �= I,−I ???.
????
∠a0ρ˜(a) ∼= ∠b0ρ˜(b), a,b �= 0.
??, b, c ? 0a ???? (??????)??????,
ρ˜(b), ρ˜(c) ? 0ρ˜(a) ???? (??????) ???.
(ii) ρ˜ ????????. ?? b ∈ R2 ????, a =
α1b+ α2b⊥ ??? ρ˜(a) = α1b− α2b⊥ ???.
??: e ∈ S1 ???, e˜ := ρ˜(e) ???.
(i) ???. ρ˜ ???????? ρ˜(e⊥) = e˜⊥ ??
?. a = α1e + α2e⊥ ????, a · ρ˜(a) = α21e · e˜ +
α1α2(e · e˜⊥ + e⊥ · e˜) + α22e⊥ · e˜⊥ = (α21 + α22)e · e˜ ?
? Cos∠a0ρ˜(a) = e · e˜ ???????????17. ??
ρ˜(a⊥) = −α2e˜+ α1e˜⊥ =
(
ρ˜(a)
)⊥ ??????
(a⊥ · b)(a⊥ · c) = ((ρ˜(a))⊥ · ρ˜(b))((ρ˜(a))⊥ · ρ˜(c))
???????????.
(ii) ???. e˜ �= −e ?????. b := 2−1(e + e˜)
???. ρ˜ ◦ ρ˜ = I ?? ρ˜(e˜) = e. ??? ρ˜(b) :=
2−1(e˜ + e) = b. ρ˜ ???????? ρ˜(e⊥) = −e˜⊥,
ρ˜(e˜⊥) = −ρ˜ ◦ ρ˜(e⊥) = −e⊥ ???. ??? ρ˜(b⊥) =
−2−1(e˜⊥ + e⊥) = −b⊥. ????? ρ˜(α1b+ α2b⊥) =
α1b− α2b⊥ ???.
e˜ = −e????, ρ˜(e⊥) = −ρ˜(e)⊥ = e⊥ ?? b = e⊥
??????.
????????????????????????
??.
?? 6.7. �abc ≡ �a�b�c� ??????, ?????
? ρ ????? ρ(�abc) = �a�b�c� ????????
???.
16???????????? H ????, H ? (????????
???) ?????????????????????.
17e · e˜⊥ = −e⊥ · e˜ ?? e⊥ · e˜⊥ = e · e˜ ????.
??: ???? ρ ????? ρ(�abc) = �a�b�c� ?
??, ? 6.4 ??�abc ≡ �a�b�c� ???????.
�abc ≡ �a�b�c� ?????. ???????, ??
a,b, c ??? a�,b�, c� ???????????????
?. |ab| = |a�b�| = p ???. e := p−1(b� − a�) ??,
b− a = β1e+ β2e⊥ ???. e ∈ S1, β21 + β22 = p2 ??
?. β˜j = p−1βj (j = 1, 2) ???. d = δ1e+ δ2e⊥ ??
??, ρ˜1(d) ?
ρ˜1(d) := (β˜1δ1 + β˜2δ2)e+ (−β˜2δ1 + β˜1δ2)e⊥
???, ρ1(d) ? ρ1(d) := ρ˜1(d−a)+a� ?????, ρ1
??????, ρ1(a) = a�, ρ1(b) = b� ???.
P =
(
ρ˜1(c − a) · e⊥
)(
(c� − a�) · e⊥) ???. P �= 0
???. P > 0 ??? ρ := ρ1 ???. P < 0 ??
? ρ := ρ2 ◦ ρ1 ???. ??? d = δ1e + δ2e⊥ ???
? ρ˜2(d) := δ1e − δ2e⊥ ??, ρ2(d) := ρ˜2(d − a�) + a�
????. ρ ????????, ρ(a) = a�, ρ(b) = b�
???. c�� := ρ(c) ???, c��a′ = γ��1 e + γ��2 e⊥ ??
?. c�a′ = γ�1e + γ�2e⊥ ????, |a�c�| = |ac| = |a�c��|,
∠b�a�c� = ∠bac = ∠b�a�c�� ?????, γ�1 = c�a′ · e =
c��a′ · e = γ�1 ? (γ�1)2 + (γ�2)2 = (γ��1 )2 + (γ��2 )2 ??
?. ??? |γ�2| = |γ��2 |. ρ ?????? γ�2γ��2 > 0 ?
?????? γ�2 = γ��2 ??? c� = c�� ???. ???
ρ(�abc) = �a�b�c� ???.
??????, ?????????????????
??????. ??????????????????
? “??” D,D�(⊂ R2) ??????????????
???????????: ?????? ρ ?????
ρ(D) = D� ?????, D ? D� ?????????,
D ≡ D� ???. ?????????????????
????????????. ??, ?????????
????, ????? (??????)????????
?????, ab ≡ cd ? |ab| = |cd| ????????,
∠bac ≡ ∠edf ? ∠bac ∼= ∠edf ??????????
????????.
?? 6.8 (??). c ∈ R2, k > 0 ????, c ????
?? k?????
mk,c(a) := k(a− c) + c, a ∈ R2
????. c ?????????. ?? k > 1 ????
??, 0 < k < 1 ??????????????.
????????.
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(ii)???. ????, ?? k > 0?????, p� = kp,
r� = kr ???. ?? A = A� ?????. ?? 4.2 ?
(ii) ???????
q� =
√
(p�)2 + (r�)2 − 2p�r�A�
=
√
(kp)2 + (kr)2 − 2(kp)(kr)A = kq
???. ??? (i) ????????, B = B�, C = C �
???.
(iii) ???. ???? A = A�, B = B� ???. k :=
p�/p ???. ?? 4.2 ? (iii) ???????
p�
r�
−A� = B�
√
1− (A�)2
1− (B�)2 = B
√
1−A2
1−B2 =
p
r
−A
?????, p�/r� = p/r, ???? r�/r = p�/p = k. (ii)
????????, q�/q = k, C = C � ???.
6 ????
?????????????????????.
?? 6.1. ρ : R2 → R2 ??????????
�ρ(b)− ρ(a)� = �b− a�, a,b ∈ R2 (6.1)
??????????.
????????, ρ1, ρ2????????ρ2◦ρ1(a) :=
ρ2(ρ1(a)) ???????? ρ2 ◦ ρ1 ????????.
?? 6.2. ρ˜ : R2 → R2 ?
ρ˜(a) · ρ˜(b) = a · b, a,b ∈ R2 (6.2)
??????, e ∈ S1 ???? ρ˜(e⊥) = ± (ρ˜(e))⊥ ?
??.
??. (a,b) = (e, e), (e⊥, e⊥), (e, e⊥) ???? (6.2)
????? ρ˜(e), ρ˜(e⊥) ∈ S1, ρ˜(e) · ρ˜(e⊥) = 0 ???.
??? ρ˜(e⊥) = α1ρ˜(e) + α2ρ˜(e)⊥ ????, α1 = 0 ?
??? α21 + α22 = 1. ????? α2 = ±1 ???.
?? 6.3. ρ : R2 → R2 ???. ???? a ∈ R2 ??
?? ρ˜(a) := ρ(a)− ρ(0) ????, ρ ????????
???, ρ˜ ? (6.2) ?????????????????
??.
??: ρ˜? (6.2)???????????, ρ(b)−ρ(a) =
ρ˜(b−a) ?????? ρ ??????????????
???.
?? ρ ????????. (6.1) ??
�ρ˜(b)− ρ˜(a)� = �b− a�, a,b ∈ R2 (6.3)
???. b = 0????, ρ˜(0) = 0?????, �ρ˜(a)� =
�a�? a ∈ R2??????. ????? �ρ˜(−a)� = �a�.
???? �ρ˜(a) + ρ˜(−a)�2 = 2 (�ρ˜(a)�2 + �ρ˜(−a)�2) −
�ρ˜(a) − ρ˜(−a)�2 = 4�a�2 − �a − (−a)�2 = 0. ???
ρ˜(−a) = −ρ˜(a) ? a ∈ R2 ??????. (1.1) ??
4ρ˜(a) · ρ˜(b) =�ρ˜(b)− ρ˜(−a)�2 − �ρ˜(b)− ρ˜(a)�2
=�b− (−a)�2 − �b− a�2 = 4a · b
?????, (6.2) ???. ρ˜ ????? (6.2) ????:
λ, μ ∈ R, a,b, c ∈ R2 ???? (6.2) ??
ρ˜(λa+μb)· ρ˜(c) = λa·c+μb·c = (λρ˜(a) + μρ˜(b))· ρ˜(c)
???.
e ∈ S1 ?????. ??? c = e, e⊥ ????, ?
? 6.2??? 1.1??????, ρ˜(λa + μb) = λρ˜(a) +
μρ˜(b) ???.
D ⊂ R2 ????, ρ(D) := {ρ(a); a ∈ D} ???.
? 6.4. ρ ??????????, ρ(ab) = ρ(a)ρ(b),
ρ(∠bac) = ∠ρ(b)ρ(a)ρ(c) ???. ???
|ρ(ab)| = |ab|, ρ(∠bac) ∼= ∠bac
???.
ρ˜ ? (6.2) ???????????. e ∈ S1 ????
?. ?? 6.2??, ρ˜(e⊥) = (ρ˜(e))⊥ ????, ρ˜(e⊥) =
− (ρ˜(e))⊥ ???. ???????, ?????????
?. ??, ????????, ????????? e ??
?????????? ρ˜ ????????15. ??, ?
? c ????, ρ(a) = a + c (a ∈ R2) ??? ρ ???
?????.
I ???????? (???, a ∈ R2 ???? I(a) =
a). ρ˜??????????, a = α1ρ˜(e)+α2 (ρ˜(e))⊥ ?
???, μ(a) := α1e+α2e⊥ ????? μ◦ ρ˜ = ρ˜◦μ = I
?????????. ??? ρ˜???????. ρ˜???
????????, ρ˜(e) = ε˜1e+ ε˜2e⊥ ????, ρ˜(e⊥) =
−(ρ˜(e))⊥ = ε˜2e− ε˜1e⊥ ???. ??? a = α1e+α2e⊥
????
ρ˜ ◦ ρ˜(a) = ρ˜((α1ε˜1 + α2ε˜2)e+ (α1ε˜2 − α2ε˜1)e⊥) = a
15??, ρ˜(e⊥) = ± (ρ˜(e))⊥ ??? (??, ????). f = φ1e +
φ2e⊥ ∈ S1 ???? ρ˜(f) = φ1ρ˜(e)±φ2 (ρ˜(e))⊥ ???? ρ˜(f⊥) =
−φ2ρ˜(e)± φ1 (ρ˜(e))⊥ = ± (ρ˜(f))⊥.
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???. ???? ρ˜ ◦ ρ˜ = I ?????, ρ˜ ??????
????. ????????????????????.
????? 6.3 ?????????.
?? 6.5. ????, ????, ??????????
??. ???????, ??????????????
??????????, ??????16. ??????
? R2 ?? R2 ????????.
“????”, “????” ?????????????
??????.
?? 6.6. (i) ρ˜ ?????????, ρ˜ �= I,−I ???.
????
∠a0ρ˜(a) ∼= ∠b0ρ˜(b), a,b �= 0.
??, b, c ? 0a ???? (??????)??????,
ρ˜(b), ρ˜(c) ? 0ρ˜(a) ???? (??????) ???.
(ii) ρ˜ ????????. ?? b ∈ R2 ????, a =
α1b+ α2b⊥ ??? ρ˜(a) = α1b− α2b⊥ ???.
??: e ∈ S1 ???, e˜ := ρ˜(e) ???.
(i) ???. ρ˜ ???????? ρ˜(e⊥) = e˜⊥ ??
?. a = α1e + α2e⊥ ????, a · ρ˜(a) = α21e · e˜ +
α1α2(e · e˜⊥ + e⊥ · e˜) + α22e⊥ · e˜⊥ = (α21 + α22)e · e˜ ?
? Cos∠a0ρ˜(a) = e · e˜ ???????????17. ??
ρ˜(a⊥) = −α2e˜+ α1e˜⊥ =
(
ρ˜(a)
)⊥ ??????
(a⊥ · b)(a⊥ · c) = ((ρ˜(a))⊥ · ρ˜(b))((ρ˜(a))⊥ · ρ˜(c))
???????????.
(ii) ???. e˜ �= −e ?????. b := 2−1(e + e˜)
???. ρ˜ ◦ ρ˜ = I ?? ρ˜(e˜) = e. ??? ρ˜(b) :=
2−1(e˜ + e) = b. ρ˜ ???????? ρ˜(e⊥) = −e˜⊥,
ρ˜(e˜⊥) = −ρ˜ ◦ ρ˜(e⊥) = −e⊥ ???. ??? ρ˜(b⊥) =
−2−1(e˜⊥ + e⊥) = −b⊥. ????? ρ˜(α1b+ α2b⊥) =
α1b− α2b⊥ ???.
e˜ = −e????, ρ˜(e⊥) = −ρ˜(e)⊥ = e⊥ ?? b = e⊥
??????.
????????????????????????
??.
?? 6.7. �abc ≡ �a�b�c� ??????, ?????
? ρ ????? ρ(�abc) = �a�b�c� ????????
???.
16???????????? H ????, H ? (????????
???) ?????????????????????.
17e · e˜⊥ = −e⊥ · e˜ ?? e⊥ · e˜⊥ = e · e˜ ????.
??: ???? ρ ????? ρ(�abc) = �a�b�c� ?
??, ? 6.4 ??�abc ≡ �a�b�c� ???????.
�abc ≡ �a�b�c� ?????. ???????, ??
a,b, c ??? a�,b�, c� ???????????????
?. |ab| = |a�b�| = p ???. e := p−1(b� − a�) ??,
b− a = β1e+ β2e⊥ ???. e ∈ S1, β21 + β22 = p2 ??
?. β˜j = p−1βj (j = 1, 2) ???. d = δ1e+ δ2e⊥ ??
??, ρ˜1(d) ?
ρ˜1(d) := (β˜1δ1 + β˜2δ2)e+ (−β˜2δ1 + β˜1δ2)e⊥
???, ρ1(d) ? ρ1(d) := ρ˜1(d−a)+a� ?????, ρ1
??????, ρ1(a) = a�, ρ1(b) = b� ???.
P =
(
ρ˜1(c − a) · e⊥
)(
(c� − a�) · e⊥) ???. P �= 0
???. P > 0 ??? ρ := ρ1 ???. P < 0 ??
? ρ := ρ2 ◦ ρ1 ???. ??? d = δ1e + δ2e⊥ ???
? ρ˜2(d) := δ1e − δ2e⊥ ??, ρ2(d) := ρ˜2(d − a�) + a�
????. ρ ????????, ρ(a) = a�, ρ(b) = b�
???. c�� := ρ(c) ???, c��a′ = γ��1 e + γ��2 e⊥ ??
?. c�a′ = γ�1e + γ�2e⊥ ????, |a�c�| = |ac| = |a�c��|,
∠b�a�c� = ∠bac = ∠b�a�c�� ?????, γ�1 = c�a′ · e =
c��a′ · e = γ�1 ? (γ�1)2 + (γ�2)2 = (γ��1 )2 + (γ��2 )2 ??
?. ??? |γ�2| = |γ��2 |. ρ ?????? γ�2γ��2 > 0 ?
?????? γ�2 = γ��2 ??? c� = c�� ???. ???
ρ(�abc) = �a�b�c� ???.
??????, ?????????????????
??????. ??????????????????
? “??” D,D�(⊂ R2) ??????????????
???????????: ?????? ρ ?????
ρ(D) = D� ?????, D ? D� ?????????,
D ≡ D� ???. ?????????????????
????????????. ??, ?????????
????, ????? (??????)????????
?????, ab ≡ cd ? |ab| = |cd| ????????,
∠bac ≡ ∠edf ? ∠bac ∼= ∠edf ??????????
????????.
?? 6.8 (??). c ∈ R2, k > 0 ????, c ????
?? k?????
mk,c(a) := k(a− c) + c, a ∈ R2
????. c ?????????. ?? k > 1 ????
??, 0 < k < 1 ??????????????.
????????.
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?? 6.9. k > 0, c ∈ R2 ???. a′ = mk,c(a), b′ =
mk,c(b), c′ = mk,c(c) ?????
mk,c(ab) = a′b′, |a′b′| = k|ab|,
mk,c(∠bac) = ∠b′a′c′, ∠b′a′c′ ∼= ∠bac
?????.
??????????? “????????????
?????”????????, ??????????
?18??????????.
?? 6.10. �abc?�a′b′c′??????,?? c ∈ R2
? k > 0 ????? mk,c(�abc) ≡ �a′b′c′ ????
???????.
??: mk,c(�abc) = �a′b′c′???�abc?�a′b′c′
???????? 6.9 ????????.
?? �abc?�a′b′c′ ?????. �abc ? �a′b′c′
????? 1 : k ???. a′′ := mk,0(a), b′′ := mk,0(b),
c′′ := mk,0(c) ?????? 6.9 ??, mk,0(�abc) =
�a′′b′′c′′ ??????, �a′′b′′c′′ ≡ �a′b′c′ ????
???.
7 ??????
????????????????, ????????
??????????. ?? (R2 ?????)????
??????? (??????)????????. ??
?????????????????????????
?????. ???????????????????
????. ?????????, ??????????
??????????????????????????
??????????????? ([3], [4] ??).
????????????????????????
??, ???????????????, ???????
???????. ???????????, ??????
??????????????????????: �abc
? ∠c ?????????????????. ????,
?? 2.17 ?? (b− c) · (a− c) = 0 ???. ???
|ab|2 = �b− a�2 = �(b− c)− (a− c)�2
= �b− c�2 − 2(b− c) · (a− c) + �a− c�2
= |bc|2 + |ca|2.
18??????, ???????????????????.
8 ???
??????????? (SSS), ?????? (SAS), ?
?????? (ASA) ???????????????
????, ????????????. ????????
?? 2 ?????????????, (SAS? SSS??
?????????????) ???????????
??????????????19. ????,?????
?????? (?????????????)?????
??, ?????????????????????. ?
??? [4]???? SAS ??????????????
?. ????????? 2???????? SAS???
????????. ????????????????
??????????????????????, ??
???????????????????????. ?
??? R2 ? “??”???????, ????????
?????????? (?????????)?????
??????. ?? “???????”?????? “?
????????????”????????????
????????, ????????????????
???. ????? (????????)???????
?????????????????????????
??????20.
? ?
??? 2010? 6?????????????????
?. ?????????????????, ?????
?????????????????????????
???????????????????.
????
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